LOCALLY UNIFORMLY CONVEX BANACH SPACES

BY
A. R. LOVAGLIA

Introduction. In 1936 J. A. Clarkson [2, p. 396] introduced the notion of
uniform convexity of the norm in a Banach space. Stated in geometric terms,
a norm is uniformly convex if whenever the midpoint of a variable chord in
the unit sphere of the space approaches the boundary of the sphere, the
length of the chord approaches zero. Clarkson [2, p. 403] has shown that for
p>1 the spaces L, and [, are uniformly convex.

It is the object of this paper to consider a weaker type of convexity,
which we shall call local uniform convexity. Geometrically this differs from
uniform convexity in that it is required that one end point of the variable
chord remain fixed. In section I we prove a general theorem on the product
of locally uniformly convex Banach spaces and with the aid of this theorem
we establish that the two notions are actually different. Section II is devoted
to the investigation of the relationship between local uniform convexity and
strong differentiability of the norm. In section III we investigate conditions
for isomorphism of a Banach space with a locally uniformly convex space.

In his paper entitled Uniform convexity [5, p. 745] M. M. Day defines the
notion of local uniform convexity near a point as follows: If ||b¢|| =1, B is said to
be locally uniformly convex near b, if there is a sphere about b, in which the
condition for uniform convexity holds. Geometrically this differs from uni-
form convexity in that the variable chord in the unit sphere is contained in a
sphere about some point by, whereas local uniform convexity (l.u.c.) as de-
fined in definition 0.2 below requires only that one end point of the chord re-
main fixed. In Theorem 1 of his paper [5, p. 746] Day proves that if a space
B is locally uniformly convex near a point b,, then B is isomorphic to a uni-
formly convex space. Hence local uniform convexity near a point b, implies
isomorphism of the space B with an l.u.c. space. However the example fol-
lowing Theorem 1.1 below shows that there exist l.u.c. spaces not isomorphic
to any uniformly convex space, which shows that the notion of l.u.c. and
Day’s notion of local uniform convexity near a point are essentially different.

This paper is part of a thesis submitted in partial fulfillment of the re-
quirements for the Ph.D. degree at the University of California. I wish to
thank Professor R. C. James for the time and assistance he gave in the
preparation of this paper.

We now give several definitions.

DeFINITION 0.1. A normed linear space is uniformly convex if, and only if,
given €>0, there exists §(¢) >0, such that
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”x+y” < 1-5(9 whenever [&— 9 Z e and ||of = ||y = 1.

DEeFiINITION 0.2. A normed linear space is locally uniformly convex (l.u.c.)
if, and only it, given €>0 and an element x with ||x|| =1, there exists 5(¢,x) >0
such that

”x%u <.1—3(e, x) whenever |lx— | 2e and [y =1

DEeFiNITION 0.3. A normed linear space is sirictly convex if, and only if,
||x+y|| =“x”-|—||y|| implies x=¢-vy, t>0, whenever x>0 and y 0.

It is clear from the definitions that uniform convexity implies local uni-
form convexity, and local uniform convexity implies strict convexity.

DEFINITION 0.4. The norms || || and | || are eguivalent if, and only if,
for any sequence {x,,

lim ||| = 0 if, and only if, lim ||2,/|, = 0.
n—oo n—o
It can be shown that a necessary and sufficient condition for || || and

Il |l to be equivalent is that there exist numbers a, b with 0 <a <5< « such
that

a||al| < |lafly = &4l for all x.

DEFINITION 0.5. The normed linear spaces B and B; are said to be iso-
morphic if, and only if, there exists a one-to-one linear transformation of B
onto all of Bi.

If U is this transformation, then U—! is also linear [1, p. 180]. It follows
then that there exist numbers a, b with 0 <a <b < « such that, for all x in B,
a-||x|| || Ux)|li<b-||%||, where || ||, is the norm in B;. Thus we can define
a new norm in B, say ', where ||x||” =|| U(x)]||1, which is equivalent to the
original norm. And conversely if a norm, ,, equivalent to the norm || ||,
in B can be defined over the linear space B, then the normed linear space By,
which is the linear space B with norm || ||, is isomorphic to the normed lin-
ear space B.

We now state Minkowski's inequality: If p>1 and {a.}, {b.} are se-
quences of real numbers for which >~ ,|a.|? and Z,’f_l[ bn[ ? are finite, then
(] @ tba| )P (| an|?) 2+ (D00 | ba] ) V7, and equality holds if
and only if, for some t>0, a,=t-b, for all n.

I. The product of locally uniformly convex Banach spaces. Let { B.} be a
sequence &f lLu.c. Banach spaces. Denote by || || the norm in B,. Let
Py(B,) be the space of all sequences, x = {x"}, x" in B,, for which > . ,||x"||2
is convergent. Let || || be the norm in Py(B,) where ||x|| = ( 2.,||x"||2) V2.
It is readily verified that Py(B,) is a Banach space.
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THEOREM 1.1. Py(B,) s Lu.c.

Proof. Let
x=(x1""’xk1xk+l"'); xk:(or"‘yvaHlyxk+27"')r kgl;
1 P B+l k2
yl’:(yl"”'rymyp r”‘); yp,k=(01"'v0’yp vypr"'),
p=1,2,---.

Let ||x|| =||95]| =1 for all p. Thus x is an element and {y»} is a sequence of
elements on the unit sphere of P;(B,). Now suppose that lim,,w||x+y,,|| =2,
According to the definition of l.u.c. the theorem will be proved if we can show
that

lim ”x - yﬂ“ = 0.

p—o

Using the properties of the norm and the Minkowski inequality we obtain
the following inequalities:

L 1/2
I+ 5l = ( Z 115"+ 5317)
k n np 2 d n np 2 1/2
(X450l 30 )

n=1 n=k+1

k n n; 2 2 1/2
= (X 1"+ 3+ s+ 9nl)

Ld n n 2 /2
< (2 s+ 153" + sl + 192D

k ny| 2 2\!/? k n) 2 2\ 2
< (S 112+ )+ (2 + Dol

n=1 n=1

= [lall + I3l = 2.
Thus [[x+y,|| < (251l a |55l 2+ (|2l +[| 354N V2= 2. Since by hy-
pothesis lim,_.||x+,|| =2, we have

. k n ny 2 2\ /2
tim (33 Al + 310 + Al + nd)”) = 2

Now, for each #, {||y%|.} is a bounded sequence of real numbers, since
ll¥sl|2=1, and hence ||3%||2=<1 for all p. Hence by diagonalizing we can deter-
mine a sequence of p’s for which there exists lim, .|| /| » = a., for each n. Also

k
t=lyll” = S lall + sl
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Therefore lim,..||y,4||2=1— D % ,a2=05:. Hence using the above results,

k 2 2 17z
im (2 0T+ 50"+ dll + 5w

—

1
?

k 1/2
= (Z A0+ 0+l + 002) " =2
n=1
But (D5 ||| 24 x| ) V24 ( 2ok-1a2+8%) V2 =2. Equating the left-hand
members and employing the Minkowski inequality and the fact that ||x|| =1
and k was arbitrary, we obtain a,=||x"||, for =1, 2, - - -, and bi=||x.
Thus we have shown that, assuming lim,..||x+y,/|=2, it follows that
iy %]l = [ and tim -l =]
We now show that lim,..||x—y,|/| =0, by showing that the negation of
this leads to a contradiction. To this end suppose there exists a subsequence
of p’s for which ||x—y,||=7>0. Then

k ) 1/2
o<r=le—nll=(Z =i+ L = —ypnf:)
n=1 n=k+1
k n n; 2 2 12
= (Z 1" = 4 s = 2l
n=1
L n ny; 2 1/2
S (Xl = 50) + =
n=1

n=1

=(Z - y:n:_)‘” + [l + 1yl

Therefore ( 3 r_||x*—¥3]|2)¥22 7 — (||| +]|¥5.4/|). By virtue of the fact that
limy...o||¥pul| =||%x|| and lime.o||xi|| =0, there exist £ and po such that for all
p=po, || x| +]|¥5.4] <r. Consequently for this choice of % and all p= p,,

k n ny 2 172
> |« -y,nn) > 5> 0.

n=1

Hence there exists an #n,, 1=n,=<k, and a subsequence of p’'s for which
[[am0—3]ngZ>0. Now [[xm0-+55l ag = |m0]|ag+][55l 2o and limpo(]7e]|y
+||v2| o) = 2||%™|| no- Therefore ||x"||,,0. And so there exists a subsequence
of p’s for which ||y3||,70. Now

no

ng
A2
(B P [E

=1>0,

9
“x"o”"o ”y;o”"o

= lim inf

Pp—o®

lim inf

PR

HEY ng




1955] LOCALLY UNIFORMLY CONVEX BANACH SPACES 229

since lim,...||9%]| »,=||%||n, and ||™||.,<1. Therefore, since B, is Lu.c. we
have

no 7o

Yr
+
&mellae  [l57ll 0

Therefore lim supy...||x"0+ 55| 2y < (2 = 81,) - | 47]| g Now [[x+y,|| < ( o5 [|2
+y§||,2,)”2+||xk” +||y,,,k||. Therefore

lim sup

P

=2 — bn where 8,, = 8,,(¢, x™) > 0.

no

k 1/2
im supl+ 3] < ( Stimsupls” = y32) "+ 2
p—eo ©

n=1 P
2 nol] 2 L 2 n2 1/2
s(@=s) "I+ X 20a"lla)  + 2l
n=1

Letting k approach infinity, we have

. 2 | nop2 had 2 ny 2\ 12
imsup x4 3 < (2 - 80" "+ T 211417)
b and

n=1,n #ng

2 o m2\?
<(212Hx“,,) — 2,
But this contradicts the assumption that lim,,w||x+y,,|| =2. Consequently
lim,..||x—,|| =0, and Py(B,) is Lu.c. Q.E.D.

We now give an example of a Banach space which is lL.u.c. but is not iso-
morphic to any uniformly convex space.

Consider the sequence { B,,}, n=2, 3, - - -, of Banach spaces where B,
is the n-dimensional space of points

n 1/n
bn = (bnl, ey, bnn), a,nd ”bn”" == E ' bu,l") .
i=1

Then each B, is uniformly convex [2, p. 403] and hence is l.u.c. Define Py(B,)
as in Theorem 1.1. Then, by Theorem 1.1, Py(B,) is a l.u.c. Banach space.
However, by an argument used by M. M. Day [3, p. 316] it can be shown that
P,(B,) is not isomorphic to any uniformly convex space.

To illustrate the fact that l.u.c. is stronger than strict convexity, consider
the following example. Let C denote the space of real continuous functions f
on the closed interval [0, 1] with ||f|| = maxog.<:|f(?)|. Let {t.} be a dense
sequence of points in [0, 1] which does not include 0. Define a new norm
| |l on C as follows:

I | 1/2
Il = (e + 2 S L)

p— 22n
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Then [[f|| £ |Ifll: = (2/3"2)||f|| for all f in C. Hence, || || is equivalent to || ||

Moreover || || is strictly convex [2, p. 413]. We shall show that || ||, is not
l.u.c.
Consider the function g, where g(¢) =3v2/2, for all ¢ in [0, 1], and the
sequence of functions {f,} (p=1,2,3, - - - ), where
(3112 1
|[— if ? st=s1,
fp(t) =

3u 1
—pt if 01—
2 p

Then ||glli=1, lim,..||fslli=1, and lim,..|fo+glli=2. But |[f,—gl
=maxos<<1|fo(t) —g(t)| =3Y2/2, for all p. Therefore, lfs—gll1=3Y2/2 for all p.
Hence || ||:is not Lu.c. [Definition 0.2].

The l.u.c. product of l.u.c. Banach spaces. We now give a generalization of
Theorem 1.1. Let B be a Banach space of sequences of real numbers such that
if y={y} isin B and x= {x"} is a sequence of real numbers with |x"| < | 7|
for each 7, then x isin B. Let N be a norm on B with the following properties:

1. B with norm N is lL.u.c.

2. N is strictly increasing in each component; that is, if |x7| <|y7|, then

N(xly .. .’x]" . . .)<N(x1, .. .’yf’ xf+1’ .. .)'
3. If x= {x”} isin B and x,=(0, - - -, 0, x¥1 x*¥+2 .. .) then
k>0
Let P=Py(B,), n=1, 2,3, - - -, where B, is a Banach space for each #,
and x is in P if, and only if, x= {x*}, x* in B,, and {||x"||.} isin B. (|| . is

the norm in B,.) Let the norm of x in P be ||x|| = N({||x"||.}). The space P
with this norm shall be called the lu.c. product of Banach spaces.

The proof that P is a Banach space presents no difficulties, so we omit it.
In the case where B, is l.u.c. for each » we have

THEOREM 1.2. The l.u.c. product of l.u.c. Banach spaces is l.u.c.

The proof of Theorem 1.2 is analogous to the proof of Theorem 1.1, so it
will not be given here.

One might ask whether there exists a theorem analogous to Theorem 1.2
for uniformly convex Banach spaces. Specifically one might consider the prod-
uct of uniformly convex Banach spaces and take the norm in the product
space to satisfy all the conditions of Theorem 1.2 and in addition have the
property of being uniformly convex for a Banach space of sequences of real
numbers. However, the example immediately following Theorem 1.1 shows
that such a theorem does not exist, since /; is uniformly convex and the norm
in Iy, being (E;‘;l] x"| 2)12 gsatisfies all the conditions of Theorem 1.2.

We do however have the following result on the product of uniformly
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convex spaces due to M. M. Day. If {B,.} is a sequence of uniformly convex
Banach spaces, then given ¢>0, there exists for each B, a positive number
dn(€) such that x*, y* in B,, ||x"|.=|y"|l.=1, and ||x*—y||.>e€ implies
llx" +y"]|n <2(1—084(¢)). The sequence | B.{ is said to have a common modulus
of convexity [4, p. 504] if there is one function 8(¢) >0 which can be used here
in place of all 8,(¢). Define P,(B,), 1<p < =, as in Theorem 1.1 above, ex-
cept now let B, be uniformly convex for each n=1, 2, - - - and for x= {x”}
in P,(B,), ”x” =( Z,T_lllx"l|£)‘/"< ®. Day [4, p. 505] has proved the follow-
ing theorem: B =P,(B,) is uniformly convex if and only if the B, have a
common modulus of convexity.

I1. Differentiability of the norm in a Banach space. We shall now consider
some relationships between local uniform convexity of the norm and differ-
entiability of the norm in a Banach space. In what follows, B will denote an
arbitrary Banach space.

DEFINITION 2.1. The sequence {x.}, x. in B, ||x.|| =1, is an extremal se-
quence for f in B if, and only if, lim,..f(x,) exists and |lima..f(x.)| =[],
where B is the adjoint space of B.

DerinNITION 2.2. The norm in B is weakly differentiable at x, in B if, and
only if, lims.o(||xo+kx|| —||x0||) /% exists for every x in B. If the convergence
to the limit is uniform in the unit sphere, ||x|| =1, of B, the norm is said to be
strongly differentiable at x,. 1f the norm in B is everywhere strongly differenti-
able and the convergence to the limit is uniform with respect to x, and x
when ”xo]l =1 and ”x” =1, then the norm is called uniformly strongly differ-
entiable.

The following theorem and corollaries were given by V. Smulian [8, p.
644].

THEOREM 2.1. Let fo be in B, ||fo| =1. Then, for strong differentiability of
the norm in B at f, it is necessary and sufficient (n.a.s.) that the following con-
dition be satisfied:

For every extremal sequence {x,,} of fo and every f in B with ” f|| <1, the se-
quence { fxn) - fo(x,,)} converges uniformly to a limit not depending upon the
choice of extremal sequence, {x,}.

COROLLARY 1. For the strong differentiability of the norm in B at the point
fo, H fo” =1, it is n.a.s. that the following condition be satisfied:
From lim,..fo(xa) =|fol], ||%a]| =1, it follows that limpm,a..||%m—x.|| =0.

COROLLARY 2. For the strong differentiability of the norm in B at the point
Xo, ”xo“ =1, it is n.a.s. that the following condition be satisfied:
From limy .ofa(x0) =||xd||, fa in B, ||fal| =1, follows limpm,n-u||fm—Ffa|| =0.

Smulian [8, p. 648] has shown that the norm in B is uniformly strongly
differentiable if, and only if, the adjoint space B is uniformly convex. We
make use of Theorem 2.1 and Corollaries 1 and 2 to establish similar relation-
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ships between strong differentiability of the norm and local uniform convex-
ity.
THEOREM 2.2. If B s Lu.c. and linear functionals attain their maximum on

the unit sphere in B, then the norm is strongly differentiable in the adjoint space,
B.

Proof. Let fo be in B, [|fo| =1. Let lima.ufo(xa) =||fdl, 2+ in B, ||x.||=1.
We must show that lim,,.,,.,wl x,,.—x,,|| =0 (Corollary 1). By hypothesis there
exists an x, in B such that ||xo| =1 and ||fo|| =fo(x0) =1. (1) Now suppose
Hx,.——on does not approach zero as n tends to infinity. Then there exists a
number >0 and a subsequence of #'s such that, for each =, ||x,—x| =7>0.
Choose a subsequence of this sequence such that 1 =fy(x,) =1—1/n, for each
n. Then 22 ||xn+x0“ = “fo“ : lxn +xo|| = Ifo(xn +xo)| = |f0(xn) +fo(xo)l 21
—1/n4+1=2—1/n and lim,.. x,,+xo|| =2. But this contradicts the hypoth-
esis that B is l.u.c. Therefore lim,‘m“x,.—on =0 in (1), and so

lim ||#n — « = 0. Q.ED.

mn—oo

THEOREM 2.3. If B is Lu.c., then the norm is strongly differentiable in B.

Proof. Let x, be in B, ||xo]| =1. Let lim,..fa(x0) =||xd|, f» in Band ||f.|| =1.
We must show that lim,,.,,.,,,”f,,. —fa|| =0 (Corollary 2). There exists an f, in
B such that fo(xo) =||xd|| and ||fo| =1 [1, p. 55]. (1) Suppose ||fn—fi| does
not approach zero as n tends to infinity. Then there exists a number >0
and a subsequence of {f.} such that ||f.—f|| Z7. Choose a subsequence of
this sequence such that 12=f.(xy)=1—1/n. Then

22|/ fat-foll = SUp | £2()+fo(2) | 2 | falxo)+fo(x0) | Z1—1/n+1=2—1/n,

and lim,..||f.=+fo| =2. But this contradicts the hypothesis that B is lL.u.c.
Therefore lim,_..||f»—fo|| =0 in (1). And s0 limp,u.o|fm—fal| =0. Q.E.D.

DEFINITION 2.3. B is weakly Lu.c. if, and only if, lim...x,+2xd| =2,
l|%a]| =||ol| =1, implies lima.«fo(xa) =]|/xd||, where fo is in B, ||fJ| =1, and
Folewo) =l

It is easily seen that if B is lL.u.c., then B is weakly l.u.c.

THEOREM 2.4. If B is weakly L.u.c. and the norm in B is strongly differenti-
able, then B is lu.c.

Proof. Let lim,_.||*.+xo| =2; %o, %, in B, ||xo|| =||%4]| =1. Let fo be in B
with [|fo]| =1 and fo(xe) =||xo|. Since B is weakly Lu.c., lim,_fo(xs) =|x|
=||fol|. Since the norm in B is strongly differentiable, we have

lim |[2m — «af| =0

m, ft— o
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[Corollary 1, Theorem 2.1]. Therefore there exists yo in B with ||yo| =1 and
lim,.m”x,.—yo“ =0. Hence, limg..fo(%s) =fo(y0). Therefore fo(xo) =fo(y0)
=||fo|. But if the norm in B is strongly differentiable, then every linear
functional attains its maximum at exactly one point. Therefore xo=7y,, and
limy .| % — %o|| =0. That is, B is L.u.c. Q.E.D.

Combining Theorem 2.2 and Theorem 2.4 we have

THEOREM 2.5. If linear functionals attain their maximum on the unit sphere
of B, then a n.a.s. condition that B be l.u.c. is that B be weakly l.u.c. and the
norm in B be strongly differentiable.

DEFINITION 2.4. B is weakly lL.u.c. as a set of linear functionals if, and only
if, fo in B, |[fol| =1, xo in B, [|xd| =1, fo(xo) =||xe]|, and lima..||fa+fol| =2,
Ifall =1, imply that limn_.fa(xo) = |||

It is evident that if B is l.u.c., then B is weakly l.u.c. as a set of linear
functionals.

It has been shown by V. Smulian [7, p. 92] that if linear functionals at-
tain their maximum on the unit sphere of B, then for B to be strictly convex
it is n.a.s. that the norm be weakly differentiable in B. This will be used in
the following theorem, as well as the evident fact that if B is strictly convex,
then x, in B, ||xo|| =1, and £, g in B with f(xo) =||f||, g(xo) =||g|| implies that
f=c-g where ¢>0.

THEOREM 2.6. If
(1) the norm in B is strongly differentiable, and
(2) linear functionals attain their maximum on the unit sphere of B, and
(3) B is weakly l.u.c. as a set of linear functionals,
then B is Lu.c.

Proof. Let fo be in B, ||fo| =1, and lima..||fa+fd| =2, [|f-]| =1. By (2)
there exists an xo in B with ||xo|| =1 and fo(xo) =||fo| =||xd||. By (3),

1'_112 fa(x0) = ||20]| = fo(xo).

By (1) and Corollary 2 of Theorem 2.1, we have lim,,,,,.wa,,.—f,, =0.
Therefore, there exists go in B with |lgo||=1 and lim,.||f.—go|| =0.
Hence limy, ..fa(*0) = go(%0) and lim, ..fa(%e) =fo(x0). Thus go(x0) =fo(x0) = ||fo|
=||go|| =1. From the remarks preceding this theorem we see that conditions
(1) and (2) imply that B is strictly convex and so fy=go. Therefore
lim,..||fa—fo|| =0. That is, B is Lu.c. Q.E.D.

Combining Theorem 2.3 and Theorem 2.6 we have

THEOREM 2.7. If linear functionals attain their maximum on the unit sphere
of B, then in order that B be L.u.c., it is n.a.s. that the norm be strongly differenti-
able in B, and B be weakly l.u.c. as a set of linear functionals.
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I11. Spaces isomorphic with l.u.c. Banach spaces.

DEFINITION 3.1. A sequence {x;} of elements of a Banach space B is a
basis for B if, and only if, for every x in B there is a unique sequence of num-
bers {a;} such that x= D ,a.x; in the sense that

n
x— > ax

fec]

lim =0.

n— o0

If {x;} is a basis for B, then for some number M >0 and all x in B

n
Z a;x;

=1

’ where x = Za,-x; [1, p- 111].

i=1

ll«| 2 M- sup

It follows from this that for every x= E:’.la;xi in B, {a;} is a bounded se-
quence, and sup;|a;| <2-||x|| /M.

Consider a basis {x;} with the property that for each number ¢>0 there
exists a number 7,>0 such that

n o
Z a;x; Z a;x;

=1 i=n+1

o0
Z aixX;

=1

=1 and =147,

(A)

= ¢ imply

If {x.} is a basis for B and f is in B, we denote by |f||. the norm of f on
X D%xn1@ - - - (the closure of the span of (x,, Xny1, - - ). A space B with
a basis will be said to have property (A) if, for every f in B, lim,_.||f|l»=0.

Condition (A) is satisfied by a basis {x.} if, and only if, E,’;la;x; con-
verges whenever || D_t.,a:x| is bounded for all #. This condition and condi-
tion (A) constitute a necessary and sufficient condition for reflexivity [6,
p. 519]. The space ¢, of sequences a= {a,—} convergent to zero with “a”
=max,~l a;| is a natural example of a space not satisfying (A), while /; does
not have property (A). Clearly I; satisfies (A), while it will be shown later
that ¢, has property (A).

THEOREM 3.1. If B has a basis {x;} having property (A), then B is iso-
morphic to a l.u.c. space.

Proof. Define a new norm | |[|;, as follows: For x= > . ,ax; in B,
l|xlli=(|]|2+ 2oim1(a:/29)%) "2, where || || is the old norm in B. It can be
shown that there exists R>0 such that E&,(ai/Zi)2§R2Hx“2 for all «x.
Therefore ||x|| <||x]|:< (1 +R)¥2-||«||. So | || is equivalent to || |. We
now show that B with norm || ||, is Lu.c.

Let x= 22wy, [|xlli=(|#l|*+ Xz i(a/29nv2=1.

) LI » o2 ©  spAn12
= oim = (T +E(3) -1 r-nas-.
=1 =1

Let lim,..||x+?||;=2. We must show that
(1) lim [|x — y#[, = 0.
P
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Suppose not. Then
&) e =yl zs>0

for a subsequence of p’s. Using the fact that lim,..||x+?||;=2, and an
argument similar to the proof of Theorem 1.1, one can show that there exists
a subsequence of p’s such that lim,..||y?|=]||*]| and lim,..b?=a,
1=1,2,3, - ... It follows from this that

A3) lim ||« —7y?|| = 0.
p—o
For suppose not. Then there exists £>0 and a subsequence of p's such that

> (@i = b)xi+ X awi— D bias

=1 t=n+1 Tman41

> (@i — b)) ! D a;

=1 ! f=n41

o<:<ux-yvn=[

for each #.

> b7 x:

t=n+1

+ +

=

Therefore “ Z{"_,,Hbfx.-” gt—(” Z;‘_l(a,-—bf)x;” -l-” Zg‘:,,ﬂa;x;”). Hence

L) ? 0
Z bix; > ax

t=n+1 t=n+41

lim inf =t—

P

Choose 7, such that for all n>no, t—|| X2y a:%| Z % >0. Then for all n>n,
we have lim inf,.a|| D 0. 107%]| Z%>0. Now 0<||x|| <1. Hence there exists
mo such that for all #>mo, 0<|| X %a:x| <1. Therefore we have, for all
n>max (ng, m),

Z b."’ Xi

f==n u
lim inf —*! > >u>0

n n
o E @ix; 2 @i%i
t=1

1=l

So for fixed #>max (no, m,) there is a subsequence of p’s such that

> bl > b

t=n+tl 1=1

—|| 2= u and —_—| =1
n

Z @i%;

- n
Z b.’p x:
t=1

=1

By property (A) there exists 7,>0 such that

Z bfx.- Z bt’xt

t=1 t=n+1

n n
> bi % > i

t=1 im]

\

=14 r,.
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Therefore
S bl > bl ©
t:l "-:‘H - - - lim inf Z b‘px, 21+ 7.
o > bix 2 2 aix; o
i=1 i=1 =1
Thus lim inf, .||y 2[| Tiesed]- (147). But tim inf, .flye] = lim, o]y
=||x|| for every subsequence of p’s. Hence ||x|| 2| 2 i ,a:i|| - (1+7.), and

since lima .o D] =||#||, we have ||x|| =||«|| - (1+7.)>]|x||, which is a
contradiction. Therefore lim,_.||x—?|| =0 in (3), and so lim,..|lx—y?||:=0,
which contradicts (2). Therefore lim,,w“x—y”Hl=0 in (1), and we have
proved that B with norm || ||, is Lu.c. Q.E.D.

THEOREM 3.2. If B has a basis {x.} and satisfies condition (A), then B is
isomorphic to a weakly l.u.c. space.

Proof. Define a new norm ” “1 as follows: For x in B, x= Z{:,la,»xi,
xlli= (||x]]24+ Do (ai/29)2) 1, ” ||1 is equivalent to H I|l. Let x= > 2 ax;,
wlle= (lell*+ 2Za(a/ 2972 =1.

» = » oz & B2\ 12
Y- Sdm =BT EG)) -1 p-ze

Let lim,_.||x+y7||:=2. We shall show that
(1) lim f(y?) = f(x) for every f in B [Definition 2.3].

p—o

Suppose not. Then for some f in B and some >0, there is a sequence of p’s
for which

2 | fo?) = f@)] 2 r > 0.

As before, we can find a subsequence of this sequence for which lim,_.|/y?
x%and lim,.bf=a;, 4=1,2, - - -. Now ”yp” =” Z?—lbixi"l' Z;lnﬂbfxi

>

2|| 2 aebfxd| =[] Ziobpxdl, and so || o bfxd| [yl ] 200 08wl
Therefore,

> bixs

t=n+1

Now f(y?) =f( Xpb2x) +F( it apabix:), and
f( > b:’x,.)

t=n+1

lim sup

P

< [l + u i aix;

i=1

> bi x;

t=n+1

= [l

Therefore, lim sup,,,.;lf( Z;‘i,,+lbfx.-)| §||f“,.+1-(”x|l +|| Z}'_la,-xiﬂ). Hence
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| f6°) = f@)] =] 17 - x)I
- ff( S - m)x.-) + f( > b:’x.-) —f( > a,.x,.)

=1 t=n+1 t=n+1

= ‘f( 2 - a;)x.-) + \f( > b?x.-) + ‘f( >, a.~x.~)
=1 t=n+41 f=n+1
and
lim sup | f(y?) — f(®)| = ||J||n+1'<“x|| +| X o )+‘|lfl|n+1- 2 aui.
P i=1 i1
Since n was arbitrary, and lim,_.|| 27 e =], and lima..|| 20|

=0, and, by our hypothesis, lim,.|/f{|s+1=0, we have lim sup,,wlf(yp)
—f(x)| =0. Therefore, lim,,m|f(yp) —f(x)l =(0. But this contradicts (2).
Therefore, (1) holds and the theorem is proved. Q.E.D.

An immediate consequence of Theorem 3.2 is that ¢, is isomorphic to a
weakly Lu.c. space. For ¢, has a basis (in fact the same basis that /,, p=1,
has [1, p. 112]). And the adjoint space of ¢o is i [1, p. 65]. Thus for f in I,
f={C:}, for some sequence of numbers, and ||f|| = D 2| Ci| <. Thus
i o||f]] o =1liMauw D imnss| Ci| =0. Moreover ¢, is not weakly Lu.c. To see
this, consider the elements x=(1,1,0,0, - - - ), y=(0,1,0,0, - - - ). Now
for x={a.} in ¢o, ||x|| =supigic.|ai| . So we have [|xo| =1 =|y¢|| and ||xo+d|
=2. Consider the functional f in I, where f=(1, 0, 0, - - - ). Then ||f|| =1
=f(xo). But f(y0) =0. And so ¢, is not weakly Lu.c. [Definition 2.3].

A basis {x;} is said to be unconditional if it has the property that when-
ever x = Z;", 1a:x;, the series Z{‘; 1a:x; converges to x for any rearrangement
of the terms. It is known [6, p. 520] that a Banach space with an uncondi-
tional basis has property (A) unless it has a subspace isomorphic with ¢, and
that it possesses property (A) unless it has a subspace isomorphic with ;.
Thus we have

THEOREM 3.3a. If B has an unconditional basis and does not have a subspace
isomorphic with co, then B is isomorphic to a l.u.c. space.

THEOREM 3.3b. If B has an unconditional basis and does not have a sub-
space isomorphic with l,, then B is isomorphic to a weakly l.u.c. space.

We conclude with the remark that Clarkson [2, p. 412] showed that every
separable normed space is isomorphic to a strictly convex space.
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